The atom-bond connectivity (ABC) index of a graph G is defined as
Introduction
Let G be a simple graph with vertex set V (G) and edge set E(G). For u ∈ V (G), Γ(u) denotes the set of its neighbors in G and the degree of u is d u = |Γ(u)|. The atom-bond connectivity (ABC) index of G, proposed by Estrada et al. in [1] , is defined as
It found applications in chemical research [1, 2] . Upper bounds for the ABC index of general graphs using some other graph parameters have been given in [4] . The properties of ABC index for trees have been studied in [3, 4, 5] . More properties for the ABC index may be found in [6] .
In this paper, we give a upper bound for ABC indices of connected graphs with fixed number of vertices and maximum degree and characterize the extremal graphs, and determine the n-vertex unicyclic graphs with the maximum, the second, the third and the fourth maximum ABC indices, and the n-vertex bicyclic graphs with the maximum and the second maximum ABC indices respectively for n ≥ 5.
Preliminaries
First we give some lemmas. − (x − 1)
with x > 0. Let l 2 (x) = xf (1, x + 3) − (x − 1)f (1, x + 2) with x > 0. Lemma 2.1 [5] f (x, 1) is increasing for x, f (x, 2) = 1 2 , and f (x, y) is decreasing for x if y ≥ 3.
Lemma 2.2 [5] If a ≥ 2, then g a (x) ≤ g a (2) < g a (1) for x ≥ 2, and for fixed x, g a (x) is decreasing for a if x = 1, and increasing for a if x ≥ 2. . Then l 2 (x) = m 2 (x) − m 2 (x − 1). Since
and then for x > 0, we have
Then the result follows.
Let C n and S n be the cycle and the star on n vertices, respectively.
For a graph G with u, v ∈ V (G), G−u denotes the graph formed from G by deleting vertex u (and its incident edges), G + uv denotes the graph formed from G by adding the edge uv if uv ∈ E(G), and G − uv denotes the graph formed from G by deleting the edge uv if uv ∈ E(G).
3 Upper bound for ABC index of connected graphs with fixed maximum degree
In this section, we obtain the upper bound of ABC index among the connected graphs with n vertices, m edges and maximum degree ∆, and characterize the extremal graphs.
We use the technique from [5] .
For positive integers i, j, ∆ with 1 ≤ i ≤ j ≤ ∆ and ∆ ≥ 3, let
Lemma 3.1 [5] Let i, j, ∆ be positive integers with 1 ≤ i ≤ j ≤ ∆ and ∆ ≥ 3. Then
For a connected graph G with n vertices, m edges and maximum degree ∆, denote by n i the number of vertices with degree i in G for i = 1, 2, . . . , ∆, and x i,j the number of edges of G connecting vertices of degree i and j, where 1 ≤ i ≤ j ≤ ∆ and n ≥ 3.
For positive integers n, m and ∆ with 3 ≤ ∆ ≤ n − 1 ≤ m, let G n,m,∆ be the set of connected simple graphs G of order n, size m and maximum degree ∆ such that
Lemma 3.2 Let n, m and ∆ be positive integers with 3 ≤ ∆ ≤ n − 1 ≤ m.
(ii) G n,m,∆ = ∅ if and only if m ≤ 2n − 2m ∆ and m ≡ 0 (mod ∆).
Solving the above equations gives that
. Expression (2) follows from the definition of ABC(G). As each v i has degree ∆ in G, the size of G is ∆s = m. The order of G is
Therefore G ∈ G n,m,∆ . Theorem 3.1 Let G be a connected graph with n vertices, m edges and maximum
with equality if and only if G ∈ G n,m,∆ .
Proof. Since G is a connected graph with n vertices, m edges and maximum degree ∆, we have (1) . Using the abbreviations
i.e.,
implying that
Substituting them back into the formula for ABC(G), we get
and by Lemma 3.1, we have h(i, j, ∆) < 0 for all 1 ≤ i ≤ j ≤ ∆ with (i, j) = (1, ∆), (2, ∆), and thus
where the equality holds if and only if x i,j = 0 for all i, j with 1 ≤ i ≤ j ≤ ∆ with 
Large ABC indices of unicyclic graphs
In this section, we determine the n-vertex unicyclic graphs with the maximum, the second, the third and the fourth maximum ABC indices for n ≥ 5.
Let Φ ∆ be the class of connected graphs whose pendent vertices are adjacent to the maximum degree vertices and all other edges have at least one end-vertex of degree two. And let Ψ 2 be the class of connected graphs whose vertices are of degree at least two and all the edges have at least one end-vertex of degree two.
Lemma 4.1 [6] Let G be an n-vertex connected graph with m edges, p pendent vertices, maximum vertex degree ∆ and minimum non-pendent vertex degree δ 1 . Then
with equality if and only if G is a (∆, 1)-semiregular graph or G is a regular graph or
Let U n be the set of n-vertex unicyclic graphs. Let U n,p be the set of unicyclic graphs with n vertices and p pendent vertices, and S n,p the unicyclic graph formed by attaching p pendent vertices to a vertex of the cycle C n−p , where 0 ≤ p ≤ n − 3.
with equality if and only if G = S n,p .
Proof. By Lemma 4.1, we have
with equality if and only if G is a (∆, 1)-semiregular graph or G is a regular graph
, where δ 1 = 2 is the minimum non-pendent vertex degree and ∆ = p + 2 is the maximum vertex degree. Then we easily get the result.
n. Then we have
Theorem 4.1 Among all graphs in U n with n ≥ 3, S n,n−3 is the unique graph with the maximum ABC index, which is equal to (n − 3)
Proof. By Corollary 4.1, among all graphs in U n,p with 0 ≤ p ≤ n − 3, S n,p is the unique graph with the maximum ABC index h(p) = p Label by v 1 , v 2 , . . . , v r the vertices of C r consecutively. Let S n (n 1 , n 2 , . . . , n r ) be the unicyclic graph formed by attaching n i − 1 pendent vertices to v i , where n i ≥ 1 for i = 1, 2, . . . , r, n 1 = max{n 1 , n 2 , . . . , n r }, and
Proof. Note that
Suppose without loss of generality that i = 1 and j = 3. Then
By Lemmas 2.2 and 2.3, since n 1 > n 3 − 1, we have l 1 (n 1 ) > l 1 (n 3 − 1), and n 2 + 1 ≥ 2,
we have g n 1 +2 (n 2 + 1) > g n 3 +1 (n 2 + 1). Note that (n 1 + 2)n 3 < (n 1 + 1)(n 3 + 1), then
Theorem 4.2 Among all graphs in U n with n ≥ 4, S n (n − 3, 2, 1) for 5 ≤ n ≤ 15 and S n,n−4 for n = 4 or n ≥ 16 are the unique graphs with the second maximum ABC index, which is equal to (n − 4)
for 5 ≤ n ≤ 15, and
Proof. By Theorem 4.1 and the monotonicity (4) of ABC(S n,p ) with 0 ≤ p ≤ n − 3, the second maximum ABC index of graphs in U n with n ≥ 4 is achieved exactly by the graphs in U n \ {S n,n−3 } with the maximum ABC index, and by Corollary 4.1, is only achieved possibly by graphs in U n,n−3 \ {S n,n−3 } with the maximum ABC index and
The case n = 4 is trivial. Suppose that n ≥ 5. Note that the unicyclic graphs in U n,n−3 are of the form S n (n 1 , n 2 , n 3 ) with n 1 + n 2 + n 3 = n. If n 2 ≥ 2 or n 3 ≥ 2, then by Lemma 4.2, we can get another graph in U n,n−3 with larger ABC index. Then S n (n − 3, 2, 1) is the unique graph with the maximum ABC index among all graphs in U n,n−3 \ {S n,n−3 }, which is equal to (n − 4)
. Note that
It is easily seen that
By Lemma 2.1, f (3, n−2) is decreasing for n. By simple calculation, we have ABC(S n,n−4 ) < ABC(S n (n − 3, 2, 1)) for 5 ≤ n ≤ 15 and ABC(S n,n−4 ) > ABC(S n (n − 3, 2, 1)) for n ≥ 16. The result follows easily.
+f (n 3 + 1, n 4 + 1) + f (n 1 + 1, n 4 + 1).
If n 3 ≥ 2, then by Lemmas 2.2 and 2.3, we have
for n 1 > n 3 − 1 and n 2 + 1, n 4 + 1 ≥ 2.
The proof of the second part is similar.
Proof. By the expression of ABC(S n (n 1 , n 2 , n 3 , n 4 )) as in the proof of Lemma 4.3 and Lemma 2.3, we have
Thus the result follows.
Denote by v 1 , v 2 , v 3 , v 4 the vertices of S 4,1 with
B n (n 1 , n 2 , n 3 , n 4 ) be the unicyclic graph formed by attaching n i − 1 pendent vertices to the vertex v i in S 4,1 , where n 1 ≥ 2, n 2 , n 3 , n 4 ≥ 1 and
Lemma 4.5 Let G = B n (n 1 , n 2 , n 3 , n 4 ) for n ≥ 5 be a graph with maximum ABC index for n 1 ≥ 2, n 2 , n 3 , n 4 ≥ 1 and
Proof. The case n = 5 is trivial. Suppose that n ≥ 6. Suppose without loss of generality that n 3 ≥ n 4 . By direct calculation, we have ABC(G) = (n 1 − 1)f (1, n 1 ) + (n 2 − 1)f (1, n 2 + 2) + (n 3 − 1)f (1, n 3 + 1) +(n 4 − 1)f (1, n 4 + 1) + f (n 1 , n 2 + 2) + f (n 2 + 2, n 3 + 1) +f (n 2 + 2, n 4 + 1) + f (n 3 + 1, n 4 + 1). Claim 1. n 4 = 1.
Suppose that n 4 ≥ 2. Then let G = B n (n 1 , n 2 , n 3 + 1, n 4 − 1). Similarly to the proof of Lemma 4.2, by noting that n 3 > n 4 − 1 and n 2 + 2 ≥ 3, and Lemma 2.3, we have
which is a contradiction. This proves Claim 1.
Suppose that n 2 ≥ 2. First suppose that n 3 ≥ 2. Let G = B n (n 1 , 1, n 2 + n 3 − 2, 1).
Note that n 1 ≥ 2. By Lemma 2.1, we have
which is a contradiction. Thus, if n 3 ≥ 2, then n 2 = 1. Now suppose that n 3 = 1, i.e., G = B n (n 1 , n 2 , 1, 1). If n 1 = 2, then G = B n (2, n − 4, 1, 1). If n 1 ≥ 3, then let G = B n (n 1 + n 2 − 1, 1, 1, 1). By Lemma 2.1, we have
which is also a contradiction. Thus, if n 1 ≥ 3, then n 2 = 1, i.e., G = B n (n − 3, 1, 1, 1).
By direct calculation, we have
Let q(n) be the right-most expression in the above equation. Note that
.
We have
< 0 for x ≥ 6, implying that q(n) is decreasing for n ≥ 6. Then q(n) ≤ q(6) = 
Claim 3. n 3 = 1.
is convex decreasing for x, which implies that
Note that n 1 − 2 = (n 1 + n 3 − 1) − (n 3 + 1) and (n 3 + 1) − 2 = (n 1 + n 3 − 1) − n 1 . And by Lemma 2.1, we have
Now the result follows from Claims 1-3. for n ≥ 16;
(ii) B 5 (2, 1, 1, 1) and C 5 for n = 5, S 6 (2, 1, 2, 1) for n = 6, S n (n − 4, 3, 1) for 7 ≤ n ≤ 16, and B n (n − 3, 1, 1, 1) for n ≥ 17 are the unique graphs with the fourth maximum ABC index, which is equal to
for n ≥ 17.
Proof. Let G ∈ U n with n ≥ 5.
If G ∈ U n,p with 0 ≤ p ≤ n − 5, then by Theorem 4.1 and the monotonicity (4) of
with equality if and only if G = S n,n−5 .
A graph in U n,n−3 is of the form S n (n 1 , n 2 , n 3 ). Among all graphs in U n,n−3 with n ≥ 6, by Lemma 4.2, S n (n − 3, 2, 1) is the unique graphs with the second maximum ABC index, and S 6 (2, 2, 2) for n = 2 and S n (n − 4, 3, 1) for n ≥ 7 are the unique graphs with the second maximum ABC index.
A graph in U n,n−4 is of the form S n (n 1 , n 2 , n 3 , n 4 ) or B n (n 1 , n 2 , n 3 , n 4 ). Among all graphs of the form S n (n 1 , n 2 , n 3 , n 4 ) different from S n,n−4 , if n 2 = n 4 = 1, then by Lemma 4.3, S n (n − 4, 1, 2, 1) is the unique graph with the maximum ABC index, which is equal to (n − 5)
n−4 n−3
+ 2 √ 2, and if n 2 ≥ 2, then by Lemmas 4.3 and 4.4, S n (n − 4, 2, 1, 1) is the unique graph with the maximum ABC index, which is equal to (n − 5) , 1, 2, 1) is the unique graph with the maximum ABC index among all graphs of the form S n (n 1 , n 2 , n 3 , n 4 ) different from S n,n−4 with n ≥ 6. Among all graphs of the form B n (n 1 , n 2 , n 3 , n 4 ) with n ≥ 5, by Lemma 4.5, B n (n − 3, 1, 1, 1) is the unique graph with the maximum ABC index, which is equal to (n − 4)
Let r(n) be the right expression in the equation. Note that
Then r(n) < 0 for n = 6, 7, and r(n) > 0 for n ≥ 8. Thus, among all graphs in U n,n−4
with n ≥ 5, B n (n − 3, 1, 1, 1) for n = 5 and n ≥ 8, and S n (n − 4, 1, 2, 1) for n = 6, 7
are the unique graphs with the second maximum ABC index.
By Theorems 4.1 and 4.2, the third maximum ABC index of graphs in U n with n ≥ 5 is achieved exactly by the graphs in U n \ {S n,n−3 , S n (n − 3, 2, 1)} for 5 ≤ n ≤ 15, and U n \ {S n,n−3 , S n,n−4 } for n ≥ 16. Let G 0 be a graph in U n with the third maximum ABC index. For 5 ≤ n ≤ 15, we are to determine the maximum ABC index of graphs in U n \{S n,n−3 , S n (n−3, 2, 1)}. If G ∈ U n,n−3 , then G 0 = S 6 (2, 2, 2) for n = 6 with ABC index 3 2 3 +2, and G 0 = S n (n−4, 3, 1) with ABC index (n−5)
for n ≥ 7, and if G ∈ U n,p with p ≤ n − 4, then G 0 = S n,n−4 with ABC index (n−4) n−3 n−2 +2 √ 2 for n ≥ 5. The case n = 6 is easy to check. Similarly, ABC(S n,n−4 )− ABC(S n (n − 4, 3, 1)) = (n − 4)
Thus G 0 = S n,n−4 for 5 ≤ n ≤ 15. For n ≥ 16, we are to determine the maximum ABC index of graphs in U n \ {S n,n−3 , S n,n−4 }. If G ∈ U n,n−3 , then G 0 = S n (n − 3, 2, 1) with
with ABC index (n − 4)
, and if G ∈ U n,p with p ≤ n − 5, then
. By similar argument as above, we have G 0 = S n (n − 3, 2, 1) for n ≥ 16. Thus we get (i).
By Theorems 4.1, 4.2 and (i), the fourth maximum ABC index of graphs in U n with n ≥ 5 is achieved exactly by the graphs in U n \ {S n,n−3 , S n (n − 3, 2, 1), S n,n−4 }, and then is achieved exactly by S 6 (2, 2, 2) for n = 6, and S n (n − 4, 3, 1) for n ≥ 7, B n (n − 3, 1, 1, 1) for n = 5 and n ≥ 8, S n (n − 4, 1, 2, 1) for n = 6, 7, and S n,n−5 for n ≥ 5 with the maximum ABC index respectively. Note that ABC(S n (n − 4, 3, 1)) = (n−5)
The cases n = 5, 6, 7 may be checked directly by calculation. Suppose that n ≥ 8. Note
By Lemma 2.4, f (3, x) is convex decreasing for x ≥ 2, we have
Let s(n) be the right equation above. Similarly as above we have s (x) > 0. And then s(n) < 0 for 8 ≤ n ≤ 16, and s(n) > 0 for n ≥ 17. Thus we get (ii).
Large ABC indices of bicyclic graphs
In this section, we determine the n-vertex bicyclic graphs with the maximum and the second maximum ABC indices for n ≥ 5.
Let B n,p be the set of bicyclic graphs with n vertices and p pendent vertices for
Let S r,t n be the n-vertex bicyclic graphs by identifying one vertex of two cycles C r and C t and attaching n + 1 − r − t pendent vertices to the common vertex, where t ≥ s ≥ 3 and r + s ≤ n + 1. For 0 ≤ p ≤ n − 5, let S n,p be the set of graphs S r,t n with 3 ≤ r ≤ t ≤ n−2−p and r+t = n+1−p. It is easily seen that the graphs in S n,p have the same ABC index, which is equal to p·
Similarly to the proof of Corollary 4.1 by using Lemma 4.1, we have
with equality if and only if G ∈ S n,p .
Let Q 4 be the bicyclic graph obtained by adding an edge to the cycle C 4 . Label the
be the graph formed from Q 4 by attaching n i − 1 pendent vertices to v i , where n i ≥ 1 for i = 1, 2, 3, 4, n 1 ≥ n 2 , n 3 ≥ n 4 and
+f (n 1 + 2, n 2 + 2) + f (n 1 + 2, n 3 + 1) + f (n 1 + 2, n 4 + 1) +f (n 2 + 2, n 3 + 1) + f (n 2 + 2, n 4 + 1).
Since (n 1 + 3)(n 2 + 1) < (n 1 + 2)(n 2 + 2), we have f (n 1 + 3, n 2 + 1) − f (n 1 + 2, n 2 + 2) =
> 0. Note that n 1 ≥ n 2 . And since n 3 + 1 ≥ n 4 + 1 ≥ 2, by Lemma 2.2, g a (n 3 + 1) and g a (n 4 + 1) are both increasing for a. Together with Lemma 2.5, if n 2 ≥ 2, then ABC(Q n (n 1 + 1, n 2 − 1, n 3 , n 4 )) − ABC(Q n (n 1 , n 2 , n 3 , n 4 )) = n 1 f (1, n 1 + 3) + (n 2 − 2)f (1, n 2 + 1) + f (n 1 + 3, n 2 + 1) +f (n 1 + 3, n 3 + 1) + f (n 1 + 3, n 4 + 1) + f (n 2 + 1, n 3 + 1)
Similarly note that n 3 ≥ n 4 . Since n 1 + 2 ≥ n 2 + 2 ≥ 3, we have by Lemma 2.2 that g a (n 1 +2) and g a (n 2 +2) are both increasing for a. Together with Lemma 2.3, if n 4 ≥ 2, then ABC(Q n (n 1 , n 2 , n 3 + 1, n 4 − 1)) − ABC(Q n (n 1 , n 2 , n 3 , n 4 ))
Proof. By the expression of ABC(Q n (n 1 , n 2 , n 3 , n 4 )) as in the proof of Lemma 5.1, we have ABC(Q n (n 1 + n 3 − 1, 1, 1, 1) ) − ABC(Q n (n 1 , 1, n 3 , 1))
Since n 3 + 1 ≥ 3 and n 1 ≥ 2, and by Lemma 2.1, f (1, x) is increasing for x, we have f (1, n 1 + n 3 + 1) − f (1, n 1 + 2) > 0, f (1, n 1 + n 3 + 1) − f (1, n 3 + 1) > 0. By Lemma 2.4
and the fact that (n 1 + n 3 + 1) − (n 1 + 2) = (n 3 + 1) − 2, we have f (3, 2) + f (3, n 1 + n 3 + 1) − f (3, n 1 + 2) − f (3, n 3 + 1) > 0, which together with Lemma 2.1, implying that
− f (n 1 + 2, n 3 + 1) > 0. Thus ABC(Q n (n − 3, 1, 1, 1)) > ABC(Q n (n 1 , 1, n 3 , 1)).
Since 3(n 1 + n 3 ) ≤ (n 1 + 2)(n 3 + 1), we have f (3, n 1 + n 3 ) − f (n 1 + 2, n 3 + 1) = n 1 +n 3 +1 3(n 1 +n 3 ) − n 1 +n 3 +1 (n 1 +2)(n 3 +1) ≥ 0. Similarly as above, we have ABC(Q n (1, 1, n 1 + n 3 − 1, 1)) − ABC(Q n (n 1 , 1, n 3 , 1)) = (n 1 + n 3 − 2)f (1, n 1 + n 3 ) + 2 3 + 2f (3, n 1 + n 3 )
−[(n 1 − 1)f (1, n 1 + 2) + (n 3 − 1)f (1, n 3 + 1)
+f (3, n 1 + 2) + f (3, n 3 + 1) + f (n 1 + 2, n 3 + 1)] = (n 1 − 1)(f (1, n 1 + n 3 ) − f (1, n 1 + 2)) +(n 3 − 1)(f (1, n 1 + n 3 ) − f (1, n 3 + 1)) +f (3, 3) + f (3, n 1 + n 3 ) − f (3, n 1 + 2) − f (3, n 3 + 1)
+f (3, n 1 + n 3 ) − f (n 1 + 2, n 3 + 1) > 0.
Thus the result follows. 3, 1, 1, 1) .
Proof. Let G ∈ B n,n−4 with n ≥ 5. Then G is of the form Q n (n 1 , n 2 , n 3 , n 4 ) with n 1 ≥ n 2 , n 3 ≥ n 4 and 4 i=1 n i = n.
Suppose that G 0 = Q n (n 1 , n 2 , n 3 , n 4 ) is a graph in B n,n−4 with the maximum ABC index. If n 2 ≥ 2 or n 4 ≥ 2, then from Lemma 5.1, we can get another graph in B n,n−4
with larger ABC index. Thus G 0 = Q n (n 1 , 1, n 3 , 1). Now by Lemma 5.2, we have G 0 = Q n (n 1 + n 3 − 1, 1, 1, 1) or G 0 = Q n (1, 1, n 1 + n 3 − 1, 1). By direct calculation and .
Proof. Suppose that G 1 = Q n (n 1 , n 2 , n 3 , n 4 ) is a graph in B n,n−4 with the second maximum ABC index, which, by Theorem 5.1, is achieved by the graphs in B n,n−4 \ {Q n (n − 3, 1, 1, 1)} with the maximum ABC index. By Lemma 5.1, we have G 1 = (n 1 , 1, n 3 , 1). Since G 1 = Q n (n − 3, 1, 1, 1), n 3 ≥ 2, then by Lemma 5.2, we have G 1 = Q n (1, 1, n − 3, 1).
